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Abstract. 

We derive the integral operator form for the general rational solution of the Yang-Baxter 
equation with s^(2|l) symmetry. Considering the defining relations for the kernel of the R- 
operator as a system of second order differential equations we observe remarkable reduction 
to a system of simple first order equations. The obtained kernel of R-operator has a very 
simple structure. To illustrate all this in the simplest situation we treat also the si{2) case. 
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1 Introduction 

Solutions of the Yang-Baxter equation, in particular ones with si{2) or s£(2|l) symmetry, 
are used in constructing a number of statistical models ^, |3|, ^, |5|, ^, ^, and are applied 
in analyzing the high-energy Regge [[|, 0, m and Bjorken asymptotics ]l9|, ^ of 
four -dimensional gauge theories. 

In the previous paper |^] we have studied the ■s£(2|l) symmetric rational solutions of the 
Yang-Baxter equation. We have obtained the general R-operator acting on the tensor prod- 
uct of two arbitrary representation spaces of lowest weight in terms of the matrix elements 
in a basis of lowest weight vectors appearing in the tensor product. 

The lowest weight representation spaces have been chosen in terms of polynomials in one 
even variable z and two odd variables 9, 9. Then the tensor product representation consists 
of polynomial two-point functions, i.e. functions of two sets (zi,9i,9i). This formulation is 
the appropriate one for treating arbitrary infinite dimensional lowest weight representations. 
It is the natural formulation from the viewpoint of applications to the Bjorken limit of four- 
dimensional field theories like QCD. In the Bjorken asymtotics the interaction reduces in 
dimension effectively to a line on the light cone, being the range of the even variable z. The 
Grassmann variables 9, 9 appear in the Bjorken limit of supersymmetric (AA = 1) Yang- 
Mills theories allowing to unify the gluon and quark fields in terms of superfields. The 
effective interaction can be formulated in terms of integral operators, the kernels of which 
are (super)conformal four-point functions. 

This physical context provides a motivation to look for a corresponding formulation of 
the R-operators in terms of integral kernels. Instead of constructing these kernels from the 
matrix elements derived earlier we present here a direct calculation. We consider the defining 
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relations for the general R-operator now as differential equations on the kernel. The essential 
observation is that this set of differential equation reduces to simple first order differential 
equations, one for each variable involved. The resulting kernel is expressed in powers of 
combinations of the variables having simple s^(2|l) transformation properties. 

The method proposed here seems to be general enough to become useful in solving the 
Yang-Baxter equation with other symmetries. In particular the observed reduction of the 
defining relation to simple first order differential equations is expected to work as a powerful 
tool in other cases. This reduction relies on the structure of the Lax operator, i.e. the R- 
operator acting in the tensor product of the fundamental and an arbitrary representation. Its 
matrix representation decomposes into matrices times derivatives, where these matrices are 
tensor products of particular vectors. In the case of si{2) this structure appeared earlier in 
calculations by L.N.Lipatov [16| and has been used in [0, |l^, 22]. The kernel of R-operator 
is finally obtained as the similarity transformation transforming these first order differential 
operators into the simple derivatives with respect to variables Zi,6i,9i. 

Aiming to give a clear presentation of the method we discuss the simplest case of s£{2) 
first. Note that the main idea to represent the universal R-matrix as an integral operator 
originates from the paper Moreover, the final answer for the kernel of R-operator 

has been obtained by a straightforward solution of the system of differential equations of 
the second order in the paper |11]. See this paper for the applications of the integral 
representation of R-matrix. 

The presentation is organized as follows. In Section 2 we collect the standard facts 
about the algebra si{2) and its representations. We represent the lowest weight modules by 
polynomials in one variable (z) and the s£(2)-generators as first order differential operators. 
We derive the defining relation for the general R-matrix, i.e. the solution of the Yang-Baxter 
equation acting on tensor products of two arbitrary representations, the elements of which 
are polynomial functions of zi and Z2- We solve this defining relation in the space of lowest 



weights. The result is well known p8|, 24, Bq, B7| but we represent all calculations in the 



form which is appropriate for the supersymmetric generalisation. In Section 3 we give the 
simple method of derivation of the integral operator representation for the R-matrix. The 
main observation is that the defining system of differential equations of the second order for 
the kernel of R-matrix is equivalent to the system of the first-order differential equations. 

These sections have introductory character and starting from the Section 4 we follow 
the same strategy for the supersymmetric algebra si{2\l). We represent the si{2\l) low- 
est weight modules by polynomials in one even (z) and two odd variables {9, 9) and the 
s£(2|l)-generators as first order differential operators and derive the defining relation for the 
general R-matrix, i.e. the solution of the Yang-Baxter equation acting on tensor products of 
two arbitrary representations, the elements of which are polynomial functions of {zi,9i,6i) 
and {z2,92, 62)- We solve this defining relation in the space of lowest weights. All this is the 
short summary of our previous paper Q where the reader can find all details. 

In Section 5 we reduce the defining system of differential equations of the second order 
for the kernel of R-matrix to the equivalent system of the first-order differential equations. 
Next we demonstrate by direct calculation that the obtained integral operator coincides with 
ones obtained in our previous paper. 

Finally, in Section 6 we summarize. Appendix A contains some technical details about 
the construction of superconformal N-point functions. In Appendix B we give the list of 
superintegrals which are needed for the calculations of matrix elements. 
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2 2)- invariant R-matrix 

2.1 Algebra si(2) and lowest weight modules 

The algebra s£{2) has three generators S = {S^,S'^,S^) with standard commutation rela- 
tions: 

[S\S'']=ie^''PSP 

We shall use the generators S, : 

S^ = S^±iS^ , S = S^ ; [S, S^] = ±S^ , [S+, S'] = 2S. 
which have the following form in the fundamental representation 




We represent the generators as first order differential operators, acting on the space of 
polynomials <I>(z): 

S- = -d ; 5+ = z'^d + 2iz ; S = zd + £. (2.1.1) 
Below we shall use the global form of s^(2)-transformations 

e^s-^z) = ^z - A) ; e>^'^Hz) = j^^^^i"^ (l^) ^^'^-^^ 
The lowest weight s£(2)-module Vi is built on the lowest weight vector tp obeying: 

S-tj; = ; S'tp = ii> 

The center of the enveloping algebra of the algebra si{2) is generated by the Casimir oper- 
ator C2 and the module is characterised uniquely by the action of the Casimir operators on 
its elements: 

C2 = S^-S + S+S- ; C2V = £{£ - l)v. (2.1.3) 

It is a vector space spanned by the following basis Vk = {S^)^t(j , k € Z^. We shall use 
the above realization of the s£(2)-generators as the differential operators of first order acting 
on the infinite-dimensional(for generic i) space Ve of polynomials ^{z) of variable z. The 
coherent state e^^'^ip for the lowest weight ^ = 1 is the generating function, the power 
expansion in A of which produces the basis: 

e^^^l = (1 - Xz)-^' ; Vk = (2£)fc/ (2.1.4) 

There exist some special values of £: £ = —n ; n G , for which the module becomes 
a finite-dimensional vector space. Indeed it is evident from (|2.1.4| ) that all basis vectors 
are equal zero for k > n + 1. Let us introduce the special notation for the fundamental 
s£(2)-module: V_i = Vf. 

The tensor product of two ■s£(2)-modules has the well known direct sum decomposition: 

00 

Ve,Ci)Ve, = ^Ve,+e,+n (2.1.5) 

n=0 
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For the proof of ( 2.1.5| ) in the generic situation one has to determine all possible lowest 
weight vectors appearing in the tensor product V^^ V^j. In the realization on functions of z 
the space Vi^ ® Vi^ is isomorphic to the space of polynomials in two variables ■4'{zi,Z2)- The 
s£(2)-generators acting on the V^^ C3 V^a J^^^ sums of corresponding generators acting 
in V^.. The lowest weight vectors of the irreducible representations in the decomposition of 
Vi-^ defined as the solutions of the equation: 

S-^> = 0^^{zi,Z2) = ^{zi- Z2) (2.1.6) 

Now, the lowest weight vectors in the decomposition of the tensor product are constructed 
from functions ( 2.1.6| ) being eigenfunctions of generator S. The eigenfunctions of the oper- 
ator S are homogeneous polynomials of degree n , n £ and finally we obtain that all 
lowest weights in the space Vi-^ (X" Ve^ are: 

= {zi - Z2T (2.1.7) 
2.2 Yang-Baxter equation and general operator ^^^^^{u) 

Let V^- ; i = 1, 2, 3 be three lowest weight s£(2)-modules. Let us consider the three operators 
Riiij{u) which are acting in V^- ® Vi- and obey the Yang-Baxter equation in the space 

(uWi.e, iv)Re,^, {v - u) = M^,^, {v - u)Rt,i, {v)Rt,t, {u) (2.2.1) 

To obtain the defining relation for the general R-operator we consider the special case ii = f 
in(Hl|) 

Rfer{u)Rfe,{v)R,,i,{v - u) = R,,e,{v - n)M/,,(^;)M/,,(n). (2.2.2) 
We can choose the matrix realization in Vj and use the operator (S are generators acting in 

Rjein) = n + i + a5=(^ ^ ^ ^ ) , (2-2.3) 

which is the well known solution of the Yang-Baxter equation: 

Rf,f,{u - v)Rf,e,{u)Rj,e,{v) = Rf,e,{v)Rf,fJu)Rj,f,{u - v) ; R/,/,(n) = 1 + u • P12, 

where P12 is the permutation. The operators Rf£-^,Rfi^ are linear functions of the spectral 
parameter u 

Rfi^iu) = n + ^ + Ri ; Ri = |; ) ; i = 2,3. 

Now the general R-matrix R^^^j (n) acting in the tensor product V^^ ^ Vg^ of arbitrary mod- 
ules, is fixed by the condition (|2.2.2| ). After separation of f -|- u and v — u dependence we 
obtain two equations(f — u ^ u): 

(Ri +R2)R£,£,(n) = R,,,,(n)(Ri +R2) (2.2.4) 

^ (Ri - R2) + R1R2) Ri,f., {u) = Rt,i, (n) (Ml - K2) + M2M1) (2.2.5) 

The first equation ( |2.2.4D expresses the fact that Ri^i^{u) has to be invariant with respect 
to the action of s£(2)-algebra 



5,R£,£2(u) 



: S — Si -|- 5*2 
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and the second equation is the wanted defining relation for the operator M^^^ 
matrix form the defining relation reads as follows: 



where: 



K 



K21 K22 



f,,e^{u)KAB ; A,B = l,2 



L2)+KiM2 ; if = -(Ml 



iu). In the 



(2.2.6) 



^2 +M2Mi- 



Due to s£(2)-invariance there is only one independent equation so that the system of equa- 
tions ( p.2.4| ), (|2.2.5 ) for R-matrix is equivalent to the system 



S, 



(u) 



(2.2.7) 



Indeed, the operators . 



1 



.(v) and M.fi^{v)M.f£-^ (u) are s^(2)-invariant by construction 



S + -c7,Rf,,iu)Rfe,iv) 



; 



S + -a,Rfe2{v 



so that we obtain the commutation relations between s^(2)-generators and if-operators 



S,K 



S,K 



For example 

[S+,K^2] =Kn-K22 , [S+,Kn] 



-K21 , [5+,i^22] =K21 , [S+,K2l] =0 



and it is possible to obtain the full system of equations (|2.2.6 ) starting from the -R'12-equation 



m 



2.3 Eigenvalues of operator Ri-^^^^u) 

The s£(2)-invariance of the operator R£-^^£^(u) allows to simplify the eigenvalue problem. 
Due to s^(2)-invariance any eigenspace of the operator M^^^g is a lowest weight s£(2)-module 
generated by some lowest weight eigenvector. Therefore without loss of generality we can 
solve the defining relation ( p.2.5| ) in the space of lowest weights. Let us consider in more 
details the structure of eigenspace of the s£(2)-invariant operator acting on the tensor prod- 
uct Vi-^ (S) V^2- As we have seen from the direct sum decomposition ( 2.1.5 ) for any fixed n 
the space of lowest weight vectors is one-dimensional and therefore the operator M^^^j is 
diagonal on lowest weight vectors ^'„: 



(2.3.1) 



The relation ( 2.2.7] ) leads to a simple recurrence relation for the eigenvalues Rn- The operator 
K\2 commutes with the lowering generator S~ and therefore K12 maps lowest weight vectors 
to lowest weight vector and decrease its power by one: 

Kl2'^n = an(M)^n-l ; an{u) = n{-U + £i + £2 + « " 1), 

where the concrete form of the function ««(«) is derived by the explicit calculation using 

K12 = -{zi- Z2)did2 - - £2) dl+[^- h) 82; ^n = {Zl - Z2T. 
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Under the permutation: 

ii,zi <-> £2, Z2 ; u ^ —u, 
the operators Kab and lowest weights transform as follows: 

KaB ^ KaB ; ^ (-l)"+'^n 

SO that the action of operator K12 on lowest weight vectors can be obtained from formulae 
for K12 by the formal substitution ^1, 2:1 I2, ^2 and u —u: 

We project the operator equation i^i2lR = onto the lowest weight vectors ^„: 

which results in the recurrent relation: 

an{u)Rn = -an{-u)Rn-l 



with the general solution |25, 24, Eq, |27|: 



. ,,n ^{-U + £l+£2) Tju + ei+h + n) 

"^"^^^ = ^"'^ T{u + £r+t2) T{-u + £,+£2 + n) ^^-^'^^ 
where we fixed the overall normalisation of R-operator in such a way that M : 1 1— > 1. 

3 The operator R£^£^{u) as integral operator 

It is useful to derive the explicit representation of the M-matrix as integral operator acting 
on polynomials iIj{zi,Z2) € Vi-^ Vi^ 

[Ri^i2{u)llj]{zi,Z2) = j j dz3dz^TZ{zi,Z2\z3,Z4)'llj{z3,Zi) (3.0.1) 

We suppose that it is possible to integrate by parts so that the equations ( |2.2.4| ), ( |2.2.5| ) 
result in the set of differential equations for the kernel TZ{z) = 7l{zi, Z2\z3, Z4) 



h + R2 + R3 + RA)n{z) = (3.0.2) 

n{z) = (I (M4 - Ms) + M4K3) 7^(z) (3.0.3) 
where the matrices Mj , i = 3,4 arise after integration by parts 
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-(Ri -M2)+KiM2 



St -Sj-[zm + 2i,z. -zA-£r) 



First we shall solve this system of differential equations and then specify selfconsistently the 
contours of integration. The main system of equations can be simplified drastically. 
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Proposition 1 The system of differential equations ^3. 0-^) , ( 3.0.5 ) of the second order 
equivalent to the system of differential equations of the first order 



IS 



ViTZ = , = , VsTZ = , ViTZ = 0. 
where operators T>i are defined in a following way 

Vi = di^ ; D2 = <92 H \ 



zu Z12 

u + h + h u + l2-h 



Z22. Zl2 



(3.0.4) 



(3.0.5) 



+ 



Z2Z ^34 Zii 

The sl{2)- generators are expressed in terms ofT>i as follows: 



Z34. 



i=l 



1=1 



The common solution of the system (3.0.4) '^P to overall normalisation is 



n{z) 



^ z 



12 



^14 



'32 



34 



1 



1-^2. 



3.1 Differential equations 

There exists the simple and elegant way to derive the equation of the first order for the 
R-matrix which is especially useful for the supersymmetric generalisation. The similar trick 
was used in ||l^, |l^, |l^, ^ for the derivation of integrals of motion for XXX spin chains. 
The matrix M has very special structure 



z'^ -z 







2^z 



-1) 



z 

-v2 



f\z) + 



I 

2lz -£ 



so that the matrix 

M/(z) = 
has two evident eigenvectors 

(z -1 )M/(z) = -^( z -1 ) /(z) ; M/(z) ^ 



f{z) 



fiz) 



where f{z) is an arbitrary function. The derivative f'{z) disappears from the eigenvalues 
and we shall use this property to derive the first order differential equation for the kernel 
TZ{z). Let us multiply the equations (2.2.4), (2.2.5) to the vector ( Z4 —1 ) from the left 

from the right. Then we obtain the system of two first-order 



and to the vector 



Z2 



differential equations for the function 'TZ{z) 



U)z2a'R; (2+^2 



Dl7^ + D37^ = {£2 

which is equivalent to the system 

DiTe = - (n + U) Z2aR- ; ID)37^ ={u + h) Z2aR. 



(.4)Z2aR 



(3.1.6) 
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We use the notation 

©fc = ( Z4 



1 

Z2 



-Zk2Zk4.dk - (■k{zk2 + Zki) ; A; = 1, 3 



for the arising differential operators. Let us multiply the equations ( 2.2.4| ), ( p. 2. 5 ) to the 
vector ( zi — 1 ) from the left and to the vector 



zz 



manner we obtain the mirror system of equations: 

©27^ = -{u + l^) zisTZ ; ©4:^^ = (w + h) zisTZ, 



from the right. In the same 

(3.1.7) 



where 



zi 



-1 )Mfc 



1 

Z3 



-ZkiZkzdk - 4(2fci + Zki) ; A: = 2, 4. 



Finally, as consequence of the main system of differential equations of the second order we ob- 
tain the system of differential equations (|3.1.6| ), (|3.1.7 ) of the first order. The eqs. (|3.1.6|) , (|3.1.7| ) 
are equivalent to 

ViTZ = , V2'R = , V^TZ = , V^Tl = 0. 
where the differential operators are defined in ( 3.0.5| ). 

The next step is to prove the reverse, that the system of equations ( 3.0.2| ), ( |3.0.3|) is the 
consequence of the system ( |3.0.4 ). It is easy to rewrite the s£(2)-generators and the equations 
of s^(2)-invariance ( 3.0.2 ) in terms of the introduced operators P^: 



1=1 



i=l 



1=1 



1=1 



1=1 



4 4 4 

S"7^ = ^VilZ = ; S7e = ^ z^Vin = O ; §+7^ = ^ zfVi = 

1=1 i=l 1=1 

As explained above due to s£(2)-invariance we can restrict to one iiri2-equation in ( 2.2.71 ). 
This equation has the explicit form 

zi2did2'R{z) + z^id^diTliz) = 

= _ g _ d^n{z) + - h) d2n{z) - - 4) d^TZiz) + g - £3) d^niz) 

and can be easily rewritten in terms of the operators 

zi2PiP27^ + zsiVsViTZ = 



U 



ZZ4 



Zli 



+ {i^ + ii-{u + h+h)—] VaTz - {-+e2 + {u + e2 + £3)—] v^n. 



Z-ii 



Z2Z 



We see that the system of equations ( |3.0.2 ), ( 3.0.3 ) is the consequence of the syste m (|3.0.4| ) 
and finally, the system of the defining equation ( 2.2.7 ) is equivalent to the system ( |3.0.4| ). 
The common solution of the system ( |3.0.4 ) up to an overall normalisation is 



■R(z) 



~ z 



-U-£l-^4 M+ 



12 



z 



14 



32 



34 



l-i2 
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The operators Dj are obtained by the simple similarity transformation from the derivatives di 



V 



1 = ^12 



^14 



1^12 



"14 



^32 



^-34 



'3^32 



^-34 



"21 



"41 



^■23 



'2^21 



■"23 



u+li-ii^ ^u+£i+£4 ^-u-h+. 
UaZ_ 



43 



'4^41 



43 



SO that by using the ansatz 



■R{z) 



^ z 



U-ii+ii -U-ix-U ^-«-^2-fe ^U+l2-t 



12 



"14 



"32 



"34 



R{z) 



the system of equations 'DiTZ{z) = can be reduced to the system diR{z) = with the 
evident solution R{z) = const. 



3.2 The integral representation. 

It remains to fix the contours of integrations. The M-operator acts on the space of poly- 
nomials 'ip{zi,Z2) which can be of arbitrary large degree. The requirement of convergence 
allows compact contours only and there remains the one possibility: 



ie^i2iu)i{j]{zi,Z2) = p dz-s dziz^l 

J Zl J Zl 



^3 



l+U-tl- 



-ii-u-i ji-i2-u-\ ji+e2+u-i 



"41 



"23 



"34 



where the normalisation factor p is chosen so that M : 1 i-^^ 1, 

1 T{£i+i2-u) 



T{h -h- n)r(£2 -h-u) r{h +I2 + U) 



(3.2.8) 
(3.2.9) 



It is easy to check a posteriori that the obtained integral operator is s£(2)-invariant and 
has the eigenvalues ( 2.3.2| ). The eigenvalues can be calculated by using twice the general 
formula 



23 



"31 



21 



r(a + b) ■ 



4 The supersymmetric extension: s^(2|l)-invariant R- matrix 
4.1 The algebra si{2\l) and lowest weights modules 

Here we collect the main formulas about algebra s^(2|l) (for details see 13, 14, |9|). 
We represent the generators as first order differential operators, acting on the space of 
polynomials ^{z, 6, 9): 



S- = -d; V~ =de + hd ; VF" = 8^ + ^98, 



zde + ^9z8 + h9de 



{I - h)9 ; 



z8s + \9zd+\9~98e 



S+ = z'^8 + z9de + zeds + 2lz - 
S = zd + ^98e + \e8-e + £ ; B = ^8^ 



(4.1.1) 

{i + b)e, 

(4.1.2) 



+ 6. 



The lowest weight s£(2|l)-module Vi^b = ■• ^ = (^1^) is built on the lowest weight vector 
if) obeying: 

= ; W'i^ = ; = ; S^} = ^ ; Bi) = hi, 
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The module is a vector space spanned by the following basis |12|, [14| with the even 
vectors 

and the odd vectors 

We shall use the above realization of the s£(2|l)-generators as the differential operators of 
first order acting on the infinite-dimensional(for generic £) space Ve^b of polynomials ^{z, 9, 9) 
of variables z,9,9. 

The tensor product of two s^(2|l)-modules has the following direct sum decomposition |14, ^: 

oo oo oo 

Vi„b,^Ve„t,=Ve,t + 2Y,yi+n,b + Y.^,+n+lb-^^+J2^i+n^Ml, ; (4.1.3) 

n=l n=0 n=0 

i = i^+i2; b = bi + b2 

Note that this formula is applicable in the generic situation ii ^ ib6j. All possible lowest 
weight vectors appearing in the tensor product Vg^^;,^ (8) V^j.ba divided in two sets, the 
even lowest weights: 

^ (^12 ± ^^12^12) ; Df^t = , = (n + e)^t , B^t = b^t (4.1.4) 

and the odd lowest weights: 

^~ = 012^^2 ; = ^I2^r2 ; S^t = {n + (+ ^)*^ , B^t = ib± ^)^'^ (4.1.5) 



where 



Zij = Zi — Zj + - {9i9j + 9i9j) ; 9ij = 9i — 9j ; 9ij = 9i — 9j. 



4.2 Yang-Baxter equation and general operator ]R^^^^(w) 

Let Vi-^bi ; ^ = 1,2,3 be three lowest weight s^(2|l)-modules. We shall use the short-hand 
notation: 



2' 2^ 

Let us consider the three operators (u) which are acting in and obey the 
Yang-Baxter equation in the space V^- V^- (S> V^^ [^] : 

To obtain the defining relation for the general R-operator we consider the special case is = f 
in ( [4.2.1| ). Then one can choose the matrix realization p6| , 0, ^ in V^^ 



u + S + B -W- S- 
'u)=\ V+ u + 2B V- 

S+ W+ u + B-S 
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and the operators 
case 



(n) =u + 



are linear functions of spectral parameter u in this particular 



1,2 




Now the general R-matrix ]R^^^^(n) acting in the tensor product V^^ 
ules, is fixed by the condition 



Vf^ of arbitrary mod- 
(4.2.2) 



R^y^iu)R^y^iv)R^^^^{v -u)= R^^^^iv - u)R^y^iv)R^-^^iu) 

or equivalently: 

j^{u)=R^^^^{u){Ri + R2) 

-(Mi-M2)+M2Mi 

The first equation ( |2.2.4| ) expresses the fact that R{u) has to be invariant with respect to 
the action of s£(2|l)-algebra and the second equation is the defining relation for the operator 



2^ 



(Ml + Ma) 

^2)+MiM2 



(4.2.3) 
(4.2.4) 



4.3 Eigenvalues of operator 



Due to s£(2|l)-invariance any eigenspace of the operator M^^^^ is a lowest weight sl{2\l)- 
module generated by some lowest weight eigenvector. As we have seen from direct sum 
decomposition ( [4.1.3| ) for every fixed n the space of lowest weight vectors with eigenvalue b 
is two-dimensional and the ones with eigenvalues ^ ± ^ are one-dimensional. Therefore the 
operator M^^^^ is diagonal on odd lowest weight vectors and ^~ but acts non-trivially 
on the two-dimensional subspace of even lowest weight vectors spanned on and <I>~ . 
In matrix form we have: 





\ 


1 An{u) 


Bn(u) 









\ 


^ n 




Cniu) 


Dn{u) 








^ n 




^+ 
^ n 










Fn{u) 





^+ 
^ n 




\ 

\ n 


I 


V 








En{u) 1 


\ ^ 

\ n 


I 



(4.3.1) 



The matrix relation ( p. 2. 5 ) leads to a set of recurrence relations for the coefficients A^-, 
with the general solution 



Aniu) = (-1) 



n+1 



r (U + £n) 



r(-u + 4 + i) 

{ii - bi)iii + 6i) (u - 6i - 62) - (u + 61 + 62) (u - 61 - £2) (u - 61 + £2) 



(4.3.2) 



Bniu) 



{£2-b2){£l+bi) 

r(u + 4 + l) {£2 + b2){£i-bi) 



r(-u + ^„ + l) {£2-b2){£l + bi) 



n _ / ,^n+i r(u + 4 + l) u + b2-bi 

"^ ^"^ ^ r(-u + ^„) ■ {£,-b2){£, + b,] 



En{u) = (-1) 



„ r (U + + 1) (u + 62-^l)(u + fe2+4 

r(-u + ^„ + i) ■ 



{£2-b2){£l + bi) 
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r(u + £„ + l) (u-fei-^2)(u-bl+^2) 

^ ^ ^ r(-u + £„ + !) (£2-62)(4+6i) 
where we used the notations: 

in = n + £i + £2 ; u = u + 62 - ^1 • 

As usual the obtained general solution of the Yang-Baxter equation is fixed up to overall 
normalization. We choose the normalization such that the R-matrix coincides with the 
permutation operator for u = and £1 = £2. Note that the transformation from our basis 
vectors to the ones diagonalizing the R-matrix depends on n and this does not result in 
simpler formulae. |^ 



5 The operator R^-^- (w) as integral operator 

Let us go to the derivation of the explicit representation for the M-matrix as integral operator 
acting on polynomials V'C-^ii ^2) £ ® 



(5.0.1) 



ii^i^{u)^\ {Zl,Z2)= J y dZ3dZ47^(Zl,Z2|Z3,Z4)V'(Z3,^4) 

where Z = {z, 9, 6} and we use the standard superintegration 

dZ = I dz I de I de. 



We suppose that it is possible to integrate by parts so that the equations ( 4.2.3 ), ( 4.2.4 ) give 
the set of differential equations for the kernel TZi^Z) = 7l{Zi, Z2IZ3, Z4) 



(Ml + M2 + M3 + R4)R{Z) = 



-(Ml 
2 ^ 



u 



h) + M1M2 ) R{Z) = ^- (M4 - M3) + M4M3 ) R{Z) 



(5.0.2) 
(5.0.3) 



where the matrices Mj , i = 3, 4 arise after integration by parts 



Si + Bi -Wr Sr 
U{u) = I V+ 2B, Vr 

5+ W+ B,: - Si 



; i3^-h = {-ii,-h) , £4 



(- 



^Note that we have admitted some inconsistency in notations in our previous work [g]. We have started 
from the general Yang-Baxter equation 

have choosen £3 = f and obtained 

Then we have "automatically" used the ansatz for M instead of M^^. As a consequence the results for the 
matrix elements formulated there are referring actually to the operator M^^^^ (u) 



PM,^,^(u)P 



^ ^ ; PV'(^i,^2) = V(^2,^i). 

11^12 



In the simplest s^(2)-case these matrices coincide M^jf2(^) = M^2fj(u). In the case of superalgebra s^(2|l) 
the situation is unusual because the flip-operator P acts nontrivially in the lowest weights basis we have used. 
The correct answer in selfconsistent notations is given in ( 4.3.2 ). 
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First we shall solve this system of differential equations and then specify selfconsistently the 
contours of integration. 



Proposition 2 The system of differential equations / f5. 0.^ ), ( 5. 0. !\) of second order is equiv- 
alent to the system of differential equations of first order 

Vin = , VfTZ = ; i = 1,2,3,4:. (5.0.4) 

where the operators 'Di,'Df are defined in a following way 

Vi = di- —D^ - —DJ H — p — h (u - ^2 - ^i) 



Zi2 Zu Z^/^ Zi2 ZuZi2 

V- ^ - (u - ^1 - ^2)^ + (u - ^2 - (5.0.5) 

Zi2 Zi4 

Vt^Dt^ (^1 + 6i)fi + (u + 52 - W)^ - M 

^23 ^_ ^21 ^+ U - £i - ^2 U - ^1 + £2 . « , , . ^21^23 



P2 ^ ^2 - ^1^2- - y^^2^ - :v ^ + ;.' -{n-h+h) 

^23 ^21 Z21 ^23 ^21^23 

Vt ^ Dt - (u - £1 - ^2)^ + (u - ^1 + h2)^ (5.0.6) 

^21 ^23 

P,-.I),- + (£2-62)^ + (u + 62-60^(^-^ 
-^23 ^32 \^43 -^14 

^ r, ^32 n_ ^34 n+ U + ^1 + ^2 U - £1 + ^2 . , , , ^ ^34^32 

P3 = 53 - —1)3 - —D+ + — (u + £2 - ^1)^^ 

^32 ^34 ^34 ^32 ^34^32 

V+ ^ D+ -{n + h+ £2)^ + (u + £2 - ^i)-^ (5.0.7) 

^34 ^32 

-n- — n- A ^ ^23 , / , , , n ^21 ^12 ^14 

^23 -^^23 V^12 ^14: 

^ „ ^43 n- ^41 n+ ^ U + ^1 - ^2 U + £1 + £2 ^ , ^ . N ^41^43 

P4 = <94 - ^-^4 - -T^DJ H — r — \-{n + £i+ 62)- 



where 



Zi3 Z41 Z^-y Z43 -^41^43 

= 1)4 - (u + £1 + ^2)-^ + (u + £1 + 62)-^ (5.0.8) 
Z43 Z41 

-7-1+ — n+ I ^ ^ ^41 , / , , , N^i2 ^12 ^23 
VI ^DJ- (£2 + 62)^ + (u + 62 - 61)— ^ ^ 

Z4I Z]^4 V'^12 -^23 

Z^ = Zik ± -OikOik ; Dfzf^, = ; D'^Z^^ = 0. 

This system of twelve equations is invariant with respect the following discrete symmetry 
transformations: 

1^4, 2^3 ; (£1,61) ^ (-£2,-^2), 
1^2, 3^4; e , D+ ^ D~ ; (^1, 61) ^ {£2, -62)- 
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5.1 Differential equations 

We use the same trick as in the s£(2)-case and derive the simple first order differential 
equations for the kernel of R-operator. The matrix M has a very special structure 

-e _\ { z-^ee -e -1 )d- ( -e | ( ^ -i o)z)-- 

o\ _ /ioo\ 

-1 \{z-\ee e -i)D++{i+h)\ o i o +(^-&) -e -i o 
9 ) \z-\ee -e \z + \ee q -i 

where 

D+ = -de + Ud ■ D- = -d-e + Ud, 
so that the matrix M/(Z), where f{Z) is an even function, has two evident eigenvectors 

[z-\ee -e -i )Rf = -{e-b)f ■ { z-^ee -e -i ) 

R/f -e \={[ + b)f-\ -9 
\ z + \ee I \z + \ee 

and all derivatives df,D^f,D~f disappear from the relations. Moreover, there are two 
other vectors with the properties 




We shall derive the first order differential equations for the kernel 'R-{Z) by multiplying the 
equations ( 4.2.3[ ), ( [4.2.4 ) by the appropriate vectors from the left and from the right. Let us 
start from the three variants for the choose of the such vectors. First we obtain the system 
of two first-order differential equations for the function TZ{Z) 

Dl7^ + BsTZ = {£2 -b2-U + bi)Z+n 

^ + £2 + 62) Dl7^ + 64) DsTe = -^{h - 4 + 62 + b4)z+^n 



.2 J \2 J 2 

which is equivalent to the system 

©l7^ = -{u + u- 64) z+^n ; D37^ = {u + i2 + &2) z+^iz. (5.1.9) 

We use the notation 

Dfe = ( 24 - ^^4^4 -Oa -1 ) Kfc I -62 

\Z2 + 19202 

— ~^k2'^kA^k + Zk4^k2Di^ + Z^^^Sk^D^ — {h + i'k)Z^^ — {£k — bk)Zj.^ + 26fc^fc4'9fc2 ; A; = 1, 3 
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for the arising differential operators. Secondly we obtain the system of differential equations 

Mill + B37^ = (£4 - 64 - 2b2)92in + z+^D^n 

- + 262) Bl7^ + ( 2 + ^4 - 64) B37^ = - -(4 - 64 - 252)0247^ - -^2^41^2"^ - ©1^2"^ 
which is equivalent to the system 

Bl7^ = {u + h- 64) (9247^ ; MsTZ = -{u + 262) (9247^ + Z^^D^TZ, (5.1.10) 
by conditions ( |5.1.9[ ) and where 

®A; = ( -^4 ~ ^6464 —O4 

= Z+^9k2dk - Z+^D- - ek20MD+ + (4 + bk)ek2 - (4 - bk)e2i ; /c = 1, 3. 
The last system is analogous to the previous ones: 

CiU + = (£2 + 62 + 264)^2471 + z+D+n 
(I + ^2 + 62) Cl7^ + + 1 - 264) CgTe = -^(£2 + &2 + 264)^24^ - ^^24^1^ + Dtin)3n 

and is equivalent to the system 

CsTZ = {u + i2 + 62) 024^ ; Cl7^ = - (tx - 264) ^247^ + z+D+n, (5.1.11) 

by conditions ( |5.1.9D . The operators are 

1 



Ck=( 9. 1 



-P2 
^2 + ^^2^2 



= -Z^^hidk + eM0k2Dj^ + Z^^D+ - (4 + hk)e2A - (4 - hk)h2 ; A: = 1, 3. 

The obtained system of the six equations can be transformed to the equivalent form. The 
Di_3-equations (|5.1.£ ) are equivalent to the equations ViTZ = , T>'^'R. = 0. The Bi- 
equation from ( ^.I.IC ) can be transformed to the equation V^IZ = by the condition ViR. = 
0. The Ca-equation from ( [5.1.11| ) can be transformed to the equation 'D^TZ = by the 
condition T>^TZ = 0. The remaining B3, Ci-equations are equivalent to the more involved 
equations 

-Z3+ (i - (d^ + (u + ^2 - ^1)-^ - (u + ^2 - 61)^) 7^ = z+D^n+{i2-b2)e24n 

V ^32 / V ^32 ^34/ 

z{2 (1 + %|^) (^1+ + (u + 4 - 4);!^ - (u - 4 - h)^^ n = zt^Dtn-{i2+h2)e2An 

by the conditions ViTZ = Q , V^TZ = 0. 

It is possible to derive the mirror system of six equations in the same manner by choosing 
appropriate vectors for multiplication from the left and from the right. In fact, the resulting 
equations can be obtained from the present ones by the symmetry transformation 

1^4,2^3; (4, hi) ^ (4, 64) = (-4, -62) , (4, 62) ^ (4, h) = (-4, -hi) 
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In this way we obtain the equations V47I = , V2TI = and V^TZ = , T>^1Z = and the 
mirror partners of the more involved equations: 

_z+ (i + ^1^) (d:^ + (u + £2 - - (u - ^1 + 62)-^) 7^ = zlD^'R-{h-bi)e;iTZ 

\ ^32 / V ^32 ^21/ 

^43 f 1 - f^l + (u + ^1 - £2)^ - (u + 4 + fe2)-|^') 7^ = z+^Dtn+{h+hi)hin. 

\ Zi4 / \ Zi4 ^43/ 

The system of four involved equations decomposes into two independent systems of two 
equations. It can be shown that the system which involves the covariant derivatives 
and D'l is equivalent to the system of the equations V^TZ = , V'llZ = and the system 
which involves the covariant derivatives and is equivalent to the system of the 
equations = , 'D^'R = 0. 

The next step is to prove the reverse, that the system of equations ( 5.0.2D , (^.0.31) is the 



consequence of the system ( ^.0.41 ). It is easy to rewrite the s£(2|l)-generators and therefore 
the equations of s£(2)-invariance ( p.0.2| ) in terms of introduced operators Dj,2?^: 

44 4 

1=1 1=1 i=l 

4 ^ / 1 \ 

zfVi - zA'Df - zA-D- ; V+ = ^ -zAV, + (zi- -OA 

i=l i=l \ ^ J 

-ZiOiVi + (^zi + hi9^ Vr 



i=l 

4 



2 

i=l i=l 



The last step is absolutely analogous to the s^(2)-case. Due to s£(2|l)-invariance we can 
use one i^is-equation in ( 5.0.3| ) and rewrite it in terms of operators Vi^Vf . We omit these 
formulae for simplicity. 

5.2 Solution of the system of differential equations 



It is useful to transform the main system of equations ( 5.0.5| )- (|5.0.8 ) to a simpler homoge- 



neous form. We shall use the following ansatz for this purpose 

nz) = zi,z\Azi, . (1 + (1 + (1 + %^)' (1 + 

a = u - £1 - £2 ; 6 = -u - ^1 + £2 ; c = -u + ^1 - ^2 ; d = u + £1 + £2 

P = bi — a ] 7 = —62 — a ; 6 = b2 — bi + a. 



Proposition 3 The system of differential equations (5. 0.5}- l[5. 0.8 ) for the function TZ{Z) 
is transformed to the simpler system of differential equations for the function R{Z) 



ViR{Z) = , VfR{Z) = 



1,2,3,4. 



(5.2.12) 
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where operators T>i,T>^ are defined in a following way 

-^Dt;VY^DY-Al^-^) (5.2.13) 



Zl2 ZuJ Z^^ \-^43 ■2'23 

^23 ^21 \^21 ^23 

^21 ^23 A , / ^ , „\ -^34 / ^43 ^14 



\-^21 -^23/ \-^43 -^14 

^ _ fl ^32 ^34 n+ 1^+ n+ o ^34 6*32 

2?3 = ^3 - - ^^3 ; ^3 = -^3 - ^ ^ - ^ 

^32 ^34 \^34 ^32 

7>3- - i5J + B (|i - + + B)^ (§1 - §1 

V^34 ^32/ ^23 \^12 ^14 

_ _ 

ry — 4 ry ' ^4 "^4 ^ \ ry ry 

Z43 Z41 \^43 ^41 



P4 = ^4 - ^ i^4- - ^ Dt ■,V^^D^-b{^ 

Z43 Z41 \ Z4 

\Z43 Z41 y Z;^4 \Zi2 



^23 

12 -^23 



where 



The common solution of these twelve equations V^TZ = OjV^TZ = i = 1,2, 3,4 is the 
manifestly superconformal-invariant function (see Appendix A): 

R{Z) ={l + . (l + _ (A + = (5.2.14) 



where 



73 73 / I 73 73 

^12 ^14 / V ^14 ^14 

»J ~ 7., 7., ' »J ~ 7., 7., ' y ~ 7., 7., 
^ik^jk ^ik ^jk ^ik ^jk 

This proposition can be proved by direct calculations. It is remarkable that all involved 
operators Vi , can be obtained by the similarity transformation from the simplest 
derivatives di,Df 



Vi = RdiR-' ■ Vf = RDfR-' ■ R = R{Z). 
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5.3 The integral representation. 

It remains to fix the contours of integrations. The M-operator acts on the space of poly- 
nomials ip{Zi,Z2) which can be of arbitrary large degree. The requirement of convergence 
allows the compact contours only. The final representation for the R-matrix is: 

^{U)^P {Zi,Z2)=p dZs dZ47^(Zl,Z2|Z3,Z4)V(^3,^4) (5.3.15) 

J Zl J zi 

where Z = {z, 6, 9} 

Z2 rZ2 r f _ fZ3 l-Zi r p _ 

dZs = dz3 d03 / d^3. ; / dZ4 = / dz4 / d04 / d04 
Zl J Zl J J J Zl J Zl J J 



and 



n{z) = z^,z1,zi,zi,- 1 + "-^] (1 + ^) (1 + ^1 (1 + 



141714 \ / ^ , [732fc'32 \ / , , C734t734 \ 



l + A 



Zl2 ) V -^14 / V -^32 / V -^34 / 

-^12 



).(l + i?^)-(A + 5)^} (5.3.16) 

a = u - £i - ^2 ; 6 = -u - £i + £2 ; c = -u + £1 - £2 ; d = u + £1 + ^2 

/3 = 61 — a ; 7 = —62 — a ; (5 = 62 — ^1 + «• 
The normalisation factor p is chosen so that M : 1 1— > 1 

_ r(c + 5 + d) (u-4 + &2)(u-^2-fei)(u + 4 + ^2) , . 

^ r(6)r(c)r(d) _u + 4 + ^2 ^ ' 

It is possible to check a posteriori that the obtained integral operator has the matrix el- 
ements ( 4.3.1 ). Using the formulae from Appendix B we derive the formulae for the even 
basis vectors: _ ^ 

j'' iZ, j'' AZi-R(ZuZ2\Z3.Zi) ("231 + *^) = 

where 

7e++ = (^i + 6i)(^2-b2) ; 7^_+ 



V? + V?{b2 - h) - Uilj +4 + 26162) + (61 + 62)(£? - 4) 



-u + ei + £2 + n 

and 

rz2 i-z'i / 



dZ3 dZ47e(Zi, Z2IZ3, Z4) (Z34 - 



r(6)r(c)r(d + n) f (^^^ ^ M21 V" ^ /^^^ _ ^ 



r(c + 6 + d-F n) 
where 

(4 -6i)(^2 + 62)(u + ^i +^2 + n) 



7^+_ = -(u + 62 - 6i)(u + ii+i2 + n) ; n. 



-u + ii+£2 + n 
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7? +7? I -7? +7? I - -u + ii+i2 



(u - 4 + fe2)(u -h- 6i)(u + £l + £2) 
The analogous formulae for the odd vectors are much simpler: 



r r dZ47^(Zl, Z2IZ3, ^4)^3^4 • 

J Zl J Zl 



034: 
^34 



^ r(b)r(c)r(d + n + i) /(u + 62 + ^i)(u + 62 - 4)^21 

r(c + 6 + d + n + 1) 21 \^ (u - 61 - £2)(u - 61 + £2)^21 

These formulae for the action of the R-matrix on the basis vectors coincide up to overall 
normalisation with the ones ( ^XlD obtained m our previous paper M\. 



6 Conclusions 

We have derived the integral operator form of the rational sl{2\l) symmetric solution of the 
Yang-Baxter equation acting on the tensor product of two general lowest weight represen- 
tations ii = {ii,bi) and £2 = (^2)^2)- The lowest weight representations space is identified 
with the space of polynomials in one even (z) and two odd {9,9). The kernel of the R- 
operator is a superconformal four-point function of primary fields with weights £1,^2 and 
£3 = —li , £4 = —£2- This function of the supercoordinates of four points arises as a sim- 
ple sum of terms in powers of Zij , 9ij , 9ij . The simplicity of the result makes this integral 
operator form useful in applications and further investigations. 

Following the well known procedure, the general R-operator is derived from the Yang- 
Baxter equation involving the latter and the known R-operator Rf^£ acting in the tensor 
product of the fundamental representation (in matrix form) and an arbitrary representa- 
tion. We have formulated the conditions involved in this Yang-Baxter relation as differential 
equations on the kernel. 

There is a remarkable reductions of these equations, being an overdetermined system 
of second order equations, to a simple set of first order equations. In this way the ob- 
tained kernel expresses the similarity transformation relating this consistent system of first 
order equations to the trivial one being the condition for a function to be constant in all 
variables Zi,9i,9i. We have obtained this reduction by observing that the Lax matrix rep- 
resenting Rf^£ has a peculiar structure implying that appropriate projections reduce the 
number of derivatives. 

We have calculated the matrix elements of the obtained R-operator. The result is consis- 
tent with the one obtained earlier from recurrence relations in the framework of the matrix 
formulation. We have quoted the formulae to be used for calculating the action of the 
integral operator. 

The method of calculation relying on this reduction seems to be general enough to become 
useful for solving the Yang-Baxter equations with other symmetries. The structure on which 
the reduction relies deserves further study. 
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Appendix A 

In this Appendix we shall construct the superconformal invariant N-point function with zero 
global U(l)-charge. The requirement of s£(2|l)-invariance ( 5.0.2| ) results in the equations: 



V-RiZ) = ; W-n{Z) = ; V+n{Z) = ; W^TZ{Z) = 

where V~ = Yl^^i V-^ and so on. Note we show the independent equations only. The others 
follow from the commutation relations 

{V^,W^} = ±S^ ; {V^, W^} = -S±B, 

Let us consider the general case of N-point functions with zero total U (l)-charge: Z = 
(Zl, Zn) ; bi = 0. It is convenient to use the global s£(2|l)-transformations which are 
generated by the lowering operators V~,W~ 

e'^'^z; e,e) = <i>(z + Y,e + e,9] ; e'^~<^{z; 9,9) = ^ (z + ^^6,9 + eV 



and the rising operators , 



9-ez 



so that the requirement of superconformal invariance results in the system of equations: 
V- : n{Zi...ZN)=n(^zi + ^-^,9i + e,9i...ZN + ^,9N + e,9N 

( €9 t9 
W- : n{Zi...ZN) = n(zi + ^,9i,h + e...ZN + ^,9n.9n + e 



TZ{Zi...Zn) = TT -— — , Tl i — — ^,6*1... — — -^,9n ) , 



Solutions of V~- and H^~-equations are shift-invariant functions which depend on the su- 
perdifferences only 

TliZ) = R{Zij,9ij,9ij), 
Zij = Zi — Zj + - {9i9j + 9i9j) ; 9ij = 9i — 9j ; 9ij = 9i — 9j. 
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Let us fix some point k. There are — 1 independent even differences Zik, i ^ k ioi fixed k 
and 2(7V — 1) independent odd differences ^j^, , i ^k tfiat transform witfi respect of tlie 
remaining transformations as follows 

y+ z.- ^ "^^^ ■ ^ - - Qij-eZij - - 



" (l + f)(l + f)' " (l + f)(l + f)' 



It is useful to extract the representation dependent part from the function H-iZ) 



i<3 



Using the formulae 



ij ij 



it is easily to check that under the conditions 



OijOij 
















Zij 


Zij 



^ ^ (^ij — , (iij — dji , ^ ^ bij — bj , bij — b^ 

i¥=j i¥=j 



'Jl 



the equations for the function R{Z) reads as follows 

W+ : R{Z,...Z^) = R ( ^^^-^V- ^iv> ^^^^^1 , 

i.e. the function R{Z) is the general function of all possible superconformal invariants. Let 
us go to the construction of the superconformal invariants. For this purpose we fix the two 
points Zj , Zk and choose the new variables (j and k are fixed) 

Zk ^ Zji ^j, ^ 9ik_ _ 9jk_ — ^ik_ _ djk 

ZikZjk Zik Zjk '"^ Zi]^ Zj]^ 

with the simple transformation properties 

V+: 4^4-(l + ee-,) ; 9% ^ 9^^ ■ 9^^ ^ 9% ■ {I + eh) 

W+: 4^4.(l + e^,) ; 9^,^ ^ 9% ■ {I + e9k) ; 9% ^ 9%. 

It is easy to construct the superconformal invariants using these variables. Let us fix the 
three points Zj, Z^^Zp. Then the set of invariants is the following: 

ij ^ij-^pk . ij nm 

7k 7., 7 . ' 7k 
^pj ^ik^pj ^pj 
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Finally we obtain the general solution of conformal constraints 

^ ^ cijj = 2£j , dij = dji ; ^ ^ 6ij = bj , 6jj = 6jj 

where j,k,p are fixed. In the case of four-point function we can choose the superconformal 
invariant ansatz in the form 

n{z) = zi^zlAzi, . f 1 + i 1 + ( 1 + i 1 + 



where 



■2^12 / \ -^14 / \ -^32 / \ -^34 / 

(77 /)3 233 fl3 53 /33 2)3 fl3 ZJ3 " 

^12^34 . ^\2^\2 ^\aP\/^ ^14"12 

-^13-^24' -Z'12 ' -^14 ' -^14 ■2'i2 



o = u — £1— ^2; ^ = ~u — ^1 + ^2 ; c = — u + £1 — £2 ; d = U + ii + £2 
P = bi — a ; 7 = —62 — a ; S = b2 — bi + a. 

Appendix B 

In this Appendix we collect all needed integration formulae. 
General formulae of integration 



24 
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dZ,Z^,Z^, 1+"-^ 1 + 



^23 y V ^34 ; T{A + B 



b ^"^^A6 + 5a / 715X^24^24 

h ao H I 



A + B V 4 / Z24 
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.^,,AyB ( Ou \ _ i r(A + i)r(B + i) ^^^^ / ^24 



AyB [e2z\_ ir(^4 + i)rCB + i)^^+B 



dZ3Z23Z34 • ( ^-^^ j - "2 T{A + B + l) ^^4 ^ _024 
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Formulae of integration for even vectors 



17 yd yh OuOuY , ^346*34 V p ^14^14 ! yn f , .^34^ 



iWXd + n) ^31^31 1 



b+d+n ' ' ' 4 V 6+d+n 
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-"r(c + 6 + d + n)^2i 1^1 + ^2^ 

cJ --/{b + d + n) 



Ci = A + 



b + c + d + n 



^ ^c{b + d + n) cJ --i{b + d + n) . f ^ cJ-j{b + d + n)\ 

C2 = -'jJ+— ^--a— — '-^ ; ^-+A J -J -a — '-^ ^ 

4 b+c+d+n V b+c+d+n J 

Tib)T{d + n) r(c)r(6 + d + n) , ^ ^21^21! 

- r(6 + d + n) r(c + 6 + d + n)^2i ^^■^ + ^'^21/ 

Ci=5 + ^ + J ^ ; C2 = ^ a- J 

Formulae of integration for odd vectors 



r(6 + d + n+l) 31 V(/3 + t + ^)^3i 



r{c + b + d + n + l) 21 \^(^_c_^)^^^ 



^2^1 + ^ 



34(734 \ t7,4t7i2 / c'34 



_ r(6)r(d + n + 1) r(c)r(6 + d + n + i) +b+c+d+n ( o 

r(6 + d + n + l) r(c + 6 + d + n + l) 1^ _ _ 6±c) ^^i 
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